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Abstract—To exploit the capacity and performance
gains associated with the use of antenna arrays, wireless
communication systems require proper understanding
of the spatial characteristics of the channel. Scattering
models provide both Angle of Arrival (AoA) and Time of
Arrival (ToA) statistics of the channel. In this paper, we
investigate geometrically based single bounce model that
assumes that multipath reflection is caused by scatterers
located far from the base station (BS) and mobile station
(MS). For this model, analytical expressions for the joint
ToA/AoA and the marginal AoA probability density
functions (pdf’s) are derived. The results presented in
this paper are expected to provide better understanding
of the effect of far scatterers.

I. INTRODUCTION

Antenna arrays with optimum combining, combat
multipath fading of the desired signal and suppress
interfering signals, thereby increasing both the per-
formance and capacity of wireless communication
systems. To evaluate the performance of a wireless
communication system using antenna arrays as well as
to study the spatial properties of the received fading
signal, it becomes necessary to have spatial channel
models. Spatial channel modeling is performed tak-
ing into account the location of scatterers/reflectors
that describe the Angle of arrival (AoA) and Time
of arrival (ToA) of the multipath components [1],
[2]. Geometrically based single bounce model is a
widely used radio propagation model, where propa-
gation between transmitting and receiving antennas
is assumed to take place via single scattering from
an intervening obstacle. The complete behaviour of
wireless communication systems may be described
by taking the effect of both local scatterer cluster
and far scatterer cluster simultaneously [3]–[5]. Local
scatterer cluster is located around the mobile station.
Various scattering models for the local scatterers have
been proposed including circular [6] and gaussian [7]
density scatterers. Far scatterers, correspond to high-
rise buildings (in urban environments) or mountains
(in rural environments), are located far from BS and
MS [1]. The use of far scatterer clusters has been

Fig. 1. Scatterer geometry.

recommended both in the European COST259, which
developed a generic spatial channel model that is
suitable for a wide range of systems, and by the
joint “spatial channel modeling” group of 3GPP and
3GPP2, the standardization organizations for third-
generation cellular systems [3]–[5]. Here we consider
only the effect of far scatterers. This model assumes
a uniform distribution for the position of scatterers
within a circle which is far from the BS and MS. The
joint ToA/AoA pdf and marginal AoA pdf at both the
BS and MS are derived for the far scatterer model.
Simulation results for marginal AoA and ToA pdf are
also provided.

The rest of this paper is organised as follows: Sec-
tion II presents the model geometry for far scatterers.
In Section III and IV, we derive the analytical expres-
sions for the joint ToA/AoA pdf and marginal AoA
pdf for the model under consideration respectively. In
Section V, the simulation result for marginal ToA pdf
has been presented. Section VI concludes the paper.

II. GEOMETRY AND ASSUMPTIONS

Fig. 1 illustrates the distant scatterer channel model.
The BS is assumed to be located at the origin and BS
and MS are separated by a distance D. It is further
assumed that propagation takes place in the horizontal
plane containing the tips of the MS and BS antennas.
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fτ,θb
(τ, θb) =

{
(D2−τ2c2)(D2c+τ2c3−2τc2D cos(θb))

4πR2(D cos(θb)−τc)3 , (D2−τ2c2−2R1 cos(θb−θ1)(D cos(θb)−τc))2

4(D cos(θb)−τc)2 ≤ R2 −R2
1 sin2(θb − θ1)

0, else.
(11)

fτ,θs
(τ, θs) =

{
(D2−τ2c2)(D2c+τ2c3−2τc2D cos(θs))

4πR2(D cos(θs)−τc)3 , (D2−τ2c2−2R2 cos(θs−θ2)(D cos(θs)−τc))2

4(D cos(θs)−τc)2 ≤ R2 −R2
2 sin2(θs − θ2)

0, else.
(15)

The scatterers are assumed to be far from BS and MS
and uniformly distributed within a circle of radius R.
The received signal at the antenna undergoes no more
than single scattering by scatterers when traveling
from transmitter to receiver. The center of the circle is
at a distance R1 from the BS and makes an angle θ1
with the line joining BS and MS. The distance between
MS and center of the circle is R2 and line joining the
center of the circle and MS makes an angle θ2 with
the line joining MS and BS.

R2 =
√
R2

1 +D2 − 2R1D cos(θ1) . (1)

θ2 = tan−1

(
R1 sin(θ1)

D −R1 cos(θ1)

)
. (2)

III. JOINT TOA/AOA PDF

To predict the performance of wideband multisensor
arrays, informations regarding the signal multipath
delay i.e time of arrival (ToA) and angle of arrival
(AoA) are needed. A scatterer in a wireless channel
contributes a ray with a given delay and along a
given direction. So joint ToA/AoA pdf provides ToA
and AoA information for a particular scatterer. The
Scatterers are assumed to be uniformly distributed
within a circle of radius R, then Scatterer density
function is given by

fx,y(x, y) =

{
1
A, x and y ∈ RA

0, else.
(3)

Area of the scattering region is A = πR2. Scatterer
density function can also be represented in polar
coordinates (rb, θb), shown in Fig. 2 [8].

frb,θb
(rb, θb) = rbfx,y(rb cos(θb), rb sin(θb)). (4)

A. Joint ToA/AoA pdf at the Base Station:

The total path propagation delay is given by

τ = rb + rs
c

=
1
c

(
rb +

√
D2 + r2b − 2rbD cos(θb)

)
. (5)

Fig. 2. Polar coordinate representation.

Squaring both the sides of (5) and solving for rb results
in

rb =
D2 − τ2c2

2(D cos(θb)− τc)
. (6)

Interchanging the variables in (4), reduces to

fτ,θb
(τ, θb)

=
(D2 − τ2c2)(D2c+ τ2c3 − 2τc2D cos(θb))

4A(D cos(θb)− τc)3
(7)

Now, we have to find out the range of τ and θb for
which fτ,θb

(τ, θb) 6= 0. Considering the geometry of
scatterers

(x−R1 cos(θ1))2 + (y −R1 sin(θ1))2 ≤ R2 (8)

Transforming into polar coordinates gives

r2b − 2rbR1 cos(θb − θ1) +R2
1 ≤ R2 (9)

Substituting the expression found for rb in (6) and then
simplifying results in

(D2 − τ2c2 − 2R1 cos(θb − θ1)(D cos(θb)− τc))2
4(D cos(θb)− τc)2

≤ R2 −R2
1 sin2(θb − θ1). (10)

The Joint ToA/AoA pdf at BS is given by (11), shown
at the top of the page.
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fθb
(θb) =





2R1 cos(θb − θ1)
√
R2

1 cos2(θb − θ1)−R2
1 +R2

πR2 , θ1 − sin−1
(
R
R1

)
≤ θb ≤ θ1 + sin−1

(
R
R1

)

0, else.
(20)

B. Joint ToA/AoA pdf at the Mobile Station:

Due to the symmetry of the geometry, the joint
ToA/AoA pdf at MS will have the same form as the
joint ToA/AoA pdf at BS. The only difference between
the two is the range of τ and θb where the pdf is
nonzero. The relationship between rs and τ ,

rs =
D2 − τ2c2

2(D cos(θs)− τc)
. (12)

The Joint ToA/AoA pdf at MS is shown in (15) at the
top of the previous page, where the range of τ and θs

for which fτ,θb
(τ, θb) 6= 0 is found by considering the

condition on the original scatterer density, namely

r2s − 2rsR2 cos(θs − θ2) +R2
2 ≤ R2 (13)

Substituting the value of rs and then simplifying
results in

(D2 − τ2c2 − 2R2 cos(θs − θ2)(D cos(θs)− τc))2
4(D cos(θs)− τc)2

≤ R2 −R22 sin2(θs − θ2). (14)

Closed form expressions for marginal AoA and ToA
pdf could be found by direct integrating the joint
ToA/AoA pdf given by (11) and (15), but it is a
very difficult approach. However, AoA and ToA pdf
may be obtained by performing the integration using
numerical methods. Therefore, we consider alterna-
tive approach reported in literature [6] to formulate
marginal AoA and ToA pdf without involving joint
pdf expression.

IV. MARGINAL AOA PDF

A. AoA pdf at the Base Station:

For a uniform scatterer density, the AoA pdf at BS
is given by [8]

fθb
(θb) =

1
2A

(
r2b2(θb)− r2b1(θb)

)
(16)

The functions rb1(θb) and rb2(θb) are obtained from
the polar coordinate representations of the boundary
of the scatterer region as shown in Fig. 2.

r2b − 2rbR1 cos(θb − θ1) +R2
1 −R2 = 0 (17)

Solving quadratic equation (17), we get
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Fig. 3. AoA pdf at BS.
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Fig. 4. AoA pdf at MS.

rb1(θb) = R1 cos(θb − θ1)

−
√
R2

1 cos2(θb − θ1)−R2
1 +R2 (18)

rb2(θb) = R1 cos(θb − θ1)

+
√
R2

1 cos2(θb − θ1)−R2
1 +R2 (19)

Substituting (18) and (19) into (16) with A = πR2

and simplifying results in (20), shown at the top of the
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fθs
(θs) =





2R2 cos(θs − θ2)
√
R2

2 cos2(θs − θ2)−R2
2 +R2

πR2 , θ2 − sin−1
(
R
R2

)
≤ θs ≤ θ2 + sin−1

(
R
R2

)

0, else.
(24)

τmin =

√
R2

1 +R2 − 2RR1 sin(θ1) +
√
R2

1 +R2 +D2 − 2DR1 cos(θ1)− 2RR1 sin(θ1)

c
(25)

τmax =

√
R2

1 +R2 + 2RR1 sin(θ1) +
√
R2

1 +R2 +D2 − 2DR1 cos(θ1) + 2RR1 sin(θ1)

c
. (26)

page. Fig. 3 shows the AoA pdf observed at the base
station.

B. AoA pdf at the Mobile Station:

Similarly, AoA pdf at MS can be obtained referring
to the polar coordinate system (rs, θs) at the mobile.
Hence, the AoA pdf at MS is given by

fθs(θs) =
1

2A

(
r2s2(θs)− r2s1(θs)

)
(21)

where

rs1(θs) = R2 cos(θs − θ2)

−
√
R2

2 cos2(θs − θ2)−R2
2 +R2 (22)

rs2(θs) = R2 cos(θs − θ2)

+
√
R2

2 cos2(θs − θ2)−R2
2 +R2 (23)

Substituting the value of rs1(θs) and rs2(θs) into (21)
with A = πR2 and simplifying results in (24) gives
the AoA pdf at MS, shown at the top of the page. Fig.
4 shows the resulting AoA pdf at mobile station.

V. MARGINAL TOA PDF

The derivation of analytical expression for the
marginal ToA pdf is in progress and will be reported
in due course. ToA pdf has been evaluated through
simulation and the same is in Fig. 5. The minimum
and maximum value of delays given by (25) and (26),
shown at the top of the page.

VI. CONCLUSION

Circular scattering models are used in the study
of multipath characteristics of macro cellular environ-
ment. Both local and far scatterers effect the multipath
characteristics of the cellular channel. In this paper
we have considered only the effect of far scatterers.
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Fig. 5. ToA pdf.

For this model, analytical expressions for the joint
ToA/AoA pdf and marginal AoA pdf are derived and
the same has been verified through simulation. Deriva-
tion of marginal ToA pdf expression is under progress.
The studies presented in this paper are expected to
be useful in developing accurate geometrical based
models for macro cellular environment of the cellular
channel.
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