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Abstract—This paper investigates the subcarrier and power
allocation problem for an OFDM-based multiuser cognitive radio
(CR) system. For CR systems it is important to keep the
interference introduced to the primary user (PU) band within a
tolerable range. Since the joint subcarrier and power allocation
problem is a non-convex integer problem and a closed form
solution is difficult to find, a suboptimal algorithm that separates
subcarrier and power allocation is proposed. First, a suboptimal
subcarrier algorithm is proposed that allocates subcarriers to
CR users that not only increase the capacity, but also reduces
the interference introduced to the primary user (PU) band.
Further, for a given subcarrier allocation an optimal power
loading algorithm is proposed that maximizes the capacity of
CR users while keeping the interference introduced to the PU
band and the total power below a threshold. Simulation results
show that for CR systems the proposed algorithm is able to load
power into the subcarriers while keeping the interference below
a specified threshold.

I. INTRODUCTION

Radio spectrum is one of the most scarce and valuable
resources for wireless communications. Actual field measure-
ments by various groups around the globe e.g., Spectrum-
Policy Task Force appointed by the Federal Communications
Commission (FCC), have reported that the allocated spectrum
is highly underutilized, with utilization ranging from 15 to
85% [1], [2]. Spectrum efficiency can be increased signifi-
cantly by giving opportunistic access of the frequency bands
to a group of cognitive radio (CR) users to whom the band has
not been originally allocated. CR is an emerging technology
which would allow secondary users (or CR users) to smartly
sense and make an efficient use of the available spectrum that
has been licensed to primary users (PUs).

Due to its flexibility in allocating the spectrum, Orthogonal
frequency division multiplexing (OFDM) has been recognized
as a modulation technology for CR systems [3]. Since both CR
user and primary user (PU) may exist in side-by-side bands
yet have different access technologies, mutual interference is
the limiting factor for performance of both networks. As there
is mutual interference between CR user and PU when they
co-exist in side-by-side bands [4], use of the classical loading
algorithms e.g., uniform power but variable rate and water-
filling algorithms, for CR system may result in higher mutual
interference in the PUs’ band. In [5], we proposed power
loading algorithms, that maximizes the downlink transmission
capacity of the CR user while keeping the interference induced
to the PUs below a specified threshold.

In our previous work [5], [6], we have developed power
loading schemes for a single CR user based OFDM systems.
In this paper, we extend power loading schemes to multiuser
scenario. There are number of resource allocation algorithms
which maximize capacity for conventional multiuser OFDM
systems [7], [8], [9]. However, for CR scenario design of such
algorithms is much more challenging because primary and CR
users co-exist in adjacent bands. The problem formulation is
to decide which CR users the subcarrier should be allocated
and how much power and bits should be allocated in that
subcarrier, such that the total interference introduced to the
primary user band remains below a specific threshold.

The optimization of capacity maximization problem ob-
tained by joint consideration of the channel qualities of various
CR users as well as the distance of subcarriers from the PU
band is computationally intensive. Specifically, the optimiza-
tion problem is discrete and finding a closed form solution is
difficult. In this paper, we follow the approach in [8], and we
first propose a sub-optimal algorithm for subcarrier allocation.
For, a given subcarrier allocation, we propose an optimal
power loading algorithm which maximizes the capacity of CR
users while keeping the interference introduced to the PU band
and the total power below specified constraints.

Numerical results, demonstrate the strength of the proposed
scheme. Specifically, it is shown that our proposed scheme
might load a bit less capacity as compared to classical scheme
[8], proposed scheme always maintain the interference in-
troduced to the PU band below the interference threshold.
Classical scheme is not suitable for OFDM-based CR systems,
and does not satisfy the interference constraint.

The organization of the paper is as follows. Section II,
describes the system model and the problem formulation. In
Section III, we propose a sub-optimal algorithm for subcarrier
allocation. The algorithm for optimal power adaptation for a
given subcarrier allocation is presented in Section IV. Selected
numerical results are given in Section V and finally, Section
VI concludes the paper.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider the side-by-side CR radio access model, Fig. 1
as in [5]. It is assumed that the frequency bands of bandwidth
B1, B2, ..., BL, are occupied by the PU(s) 1, 2, ..., L, and are
sensed by the CR system consisting of M users. The unoccu-
pied band sensed by the CR system for possible transmission



Fig. 1. Distribution of primary and CR users.

is located on each side of L PU bands as shown in Fig. 1.
The available bandwidth for CR transmission is divided into
N subcarriers. It is assumed that the bandwidth for each CR
subcarrier is Δf Hz.

The transmission rate for the kth CR user for nth subcarrier,
for a power of Pk,n, channel gain between CR user transmitter
and receiver of hss

k,n can be expressed via Shannon capacity
formula [10], [5] as,

Rk,n = log2

(
1 +

|hss
k,n|2Pk,n

σ2 +
∑L

l=1 J
(l)
k,n

)
(1)

where σ2 is the AWGN noise variance and
∑L

l=1 J
(l)
k,n denotes

the interference introduced by all L PU bands into kth CR
user’s nth subcarrier. Here, we assume that the channel gain
hss

k,n is perfectly known at the CR transmitter.

There are two types of interference in the CR system:
(1) The interference introduced by the kth CR user trans-
mitting in nth subcarrier into the lth PU band (I(l)

k,n). It

can be written as I
(l)
k,n = Pk,n ∗ F

(l)
k,n, where F

(l)
k,n =∣∣∣hsp
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(
sin πfTs
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df [4], [5]. Here Ts is the

symbol duration, hsp
k,n denotes the channel gain between kth

CR user transmitter and the lth PU receiver, and dnl represents
the spectral distance between the nth CR subcarrier and lth PU
band. We assume that both primary and CR users are located
in a same device in a co-located scenario. Hence, primary
receiver can estimate the channel gain hsp

k,n and report it to
the CR transmitter [5]. Therefore, we assume that hsp

k,n, and

so, F
(l)
k,n is known at the CR transmitter. (2) The interference

introduced by the lth PU band into kth CR user transmitting
in nth subcarrier is denoted by J

(l)
k,n. J

(l)
k,n depends on hps

k,n

which denote the channel gain between the lth PU transmitter
and the kth CR user receiver [5]. We assume that for co-
located scenario CR transmitter can estimate hps

k,n, and so J
(l)
k,n

is known as in [5].

The optimization problem is to maximize the normalized
capacity of the subcarriers for various CR users while keeping
total interference introduced to the PU band remains below a
certain threshold and total power remains below a constraint.

It can be written mathematically as follows:

max
Pk,n,ρk,n

K∑
k=1

N∑
n=1

ρk,n log2

⎛
⎜⎝1 +

∣∣∣hss
k,n

∣∣∣2 Pk,n

σ2 +
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(l)
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⎞
⎟⎠

subject to,
K∑

k=1

N∑
n=1

ρk,nPk,nF
(l)
k,n ≤ I

(l)
th for all l

Pk,n ≥ 0, for all k, n

K∑
k=1

N∑
i=1

Pk,n ≤ PT ,

ρk,n = {0, 1} for all k, n

K∑
k=1

ρk,n = 1 for all n (2)

where PT denotes the total power budget, I
(l)
th denotes the

interference threshold for the lth PU band, and ρk,n indicates
which user is occupying a particular subcarrier. It can have
only value of either 0 or 1, as only one user can occupy a
particular subcarrier.

However, to find a closed form solution for the joint
subcarrier and power allocation problem is difficult because
it is a discrete optimization problem. In literature [7], [8], for
classical systems this problem has been solved by separately
finding the subcarrier allocation and power allocation solution.
Here, we first solve the subcarrier allocation problem in a
sub-optimal fashion. Then for a given subcarrier allocation,
we propose optimal algorithm for power allocation. In the
next section, we first present the algorithm for sub-optimal
subcarrier allocation.

III. SUBOPTIMAL SUBCARRIER ALLOCATION

The algorithm is based on the algorithm in [7], [8] for
classical systems. The classical algorithm allocates subcarriers
according to channel-to-noise ratio (CNR), such that every
user with high CNR gets more subcarriers. However in CR
scenario, the interference constraint has to be taken into
account. In the subcarrier allocation algorithm, equal power is
assumed in all subcarriers. For all the interference constraints
and power constraint to satisfy, we load equal power as
follows:

Peq = min {PT

N
,

I
(1)
th∑K

k=1

∑N
n=1 F

(1)
k,n

,
I
(2)
th∑K
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,

....,
I
(L)
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k=1
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n=1 F

(L)
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} (3)

Further, it should be observed that subcarriers should be
allocated to users with low

∑L
l=1 F

(l)
k,n, as it will allocate less

interference to the PU band. We propose a statistic as follows,

Sk,n =
|hk,n|2

(σ2 +
∑L

l=1 J
(l)
k,n) ∗∑L

l=1 F
(l)
k,n

(4)



Subcarriers are allocated to various CR users according to
Sk,n. By using Sk,n instead of CNR, we are assigning sub-
carrier’s such that not only the capacity can be maximized
but also the interference introduced to the PU band can be
maintained below a threshold. We define Ωk as the set of
subcarriers assigned to user k. The proposed algorithm is as
follows:
1) Initialization

a) Set Rk,n = 0, A = {1, 2, ..., N} and Ωk = φ for k =
1, 2, ..,K
2) For k = 1 to K

a) find n satisfying Sk,n ≥ Sk,j for all j ∈ A
b) assign Ωk = Ωk

⋃{n}, A = A − {n} and update Rk,n

according to Eq. (1).
3) While A �= φ,

a) find k satisfying
∑N

n=1 Rk,n ≤∑N
n=1 Ri,n for all i, 1 ≤

i ≤ K
b) for the found k, find n satisfying Sk,n ≥ Sk,j for all j ∈

A
c) for the found k and n, assign Ωk = Ωk

⋃{n}, A =
A − {n} and update Rk,n according to Eq. (1).

The subcarrier allocation is done in a fashion such that the
CR users which introduce low interference to the PU band
and increase the capacity, has been given more subcarriers.
The algorithm is suboptimal in a sense that equal power has
been assumed in all subcarriers, however the complexity of
the algorithm is low. Now, in the next section we propose
an optimal scheme power allocation for a given subcarrier
assignment.

IV. OPTIMAL POWER DISTRIBUTION FOR A GIVEN

SUBCARRIER ALLOCATION

To a certain determined subchannel allocation, the optimiza-
tion power allocation problem is formulated as

max
Pk,n

K∑
k=1

∑
n∈Ωk

log2

⎛
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Pk,n ≥ 0, for all k, and n ∈ Ωk (7)
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∑
n∈Ωk

Pk,n ≤ PT , (8)

where Ωk are disjoint for all k and Ω1

⋃
Ω2

⋃
...
⋃

ΩK ⊆
{1, 2, ..., N}.

Theorem 1: The maximization of total transmission capacity
in Eq. (5), given the constraints in Eqs. (6), (7), and (8) is given
by

P ∗
k,n =

⎡
⎢⎣wk,n − σ2 +
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k,n∣∣∣hss
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+

for all k, and n ∈ Ωk,

(9)

where wk,n = 1

β+
∑L

l=1 λlF
(l)
k,n

and β, and λl are values which

are determined by a method described in the proof.
Proof: We use the fact that maximization of a concave

function in Eq. (5) is equivalent to minimization of its negative
value. We introduce the Lagrange multipliers λl for the
inequality constraint in Eq. (6), μi for the inequality constraint
in Eq. (7), and β for the inequality constraint in Eq. (8). We
can write the Karush-Kuhn-Tucker (KKT) conditions as [11]
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Now, we can eliminate μk,n from Eq. (10) and write the
equation as follows,

Pk,n ≥ 0,

for all k, and n ∈ Ωk

K∑
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for all k, and n ∈ Ωk
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If β +
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l=1 λlF
(l)
k,n < 1(
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) , then condition 4 in

Eq. (11) can only hold if P ∗
k,n > 0, which by solving condition

5 in Eq. (11) gives, P ∗
k,n = 1

β+
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l=1 λlF
(l)
k,n

− σ2+
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l=1 J
(l)
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On the other hand, if β +
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(l)
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σ2+
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l=1 J
(l)
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|hss
k,n|2

)

then P ∗
k,n > 0 is impossible, because it would violate the

condition 5 in Eq. (11). Therefore, we can write the optimal
power profile as

P ∗
k,n =

1

β +
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l=1 λlF
(l)
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− σ2 +
∑L

l=1 J
(l)
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(l)
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which is equivalent to

P ∗
k,n =

⎡
⎢⎣wk,n − σ2 +

∑L
l=1 J

(l)
k,n∣∣∣hss

k,n

∣∣∣2
⎤
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+

for all k, and n ∈ Ωk,

(13)
where wk,n = 1

β+
∑L

l=1 λlF
(l)
k,n

.

As Pk,n is constrained by condition 2 in Eq. (11), it implies
1(

σ2+
∑L

l=1 J
(l)
k,n

|hss
k,n|2 +Pk,n

) > 0. Therefore, β and λl cannot be all

zero simultaneously as it would violate the condition 4 in Eq.
(11).

We introduce γj , and cj , ∀j = {1, 2, ..L, L + 1}, s.t.
γj = λj ∀j = {1, ..L}, and γL+1 = β, and cj = F

(j)
k,n ∀j =

{1, ..L}, and cL+1 = 1. We can write wk,n = 1∑L+1
j=1 cjγj

. We

define two sets A and B such that if (i) γj > 0, then j ∈ A
and if (ii) γj = 0, then j ∈ B. As β and λl cannot be all zero
simultaneously, A would be a non-empty set.

To calculate γj we first assume γj > 0, ∀j = {1, ..L, L +
1}, i.e. B to be an empty set and solve the following (L + 1)
equations corresponding to (L + 1) γj constraints,

K∑
k=1

∑
n∈Ωk

Pk,nF
(l)
k,n − I

(l)
th = 0, for all l,

K∑
k=1

∑
n∈Ωk

Pk,n − PT = 0. (14)

Now, if solution to above equations exists, and correspond-
ing P ∗

k,n values satisfy conditions 1, 2, and 3 in Eq. (11) then
P ∗

k,n is optimal. If not, we assume γj = 0 for exactly one
j ∈ {1, ..L, L + 1}, i.e. we assume the cardinality of set B to
be 1 (|B| = 1). We solve, corresponding L equations for γj

constraints, and see if solution exist and satisfy the conditions
1, 2, and 3 in Eq. (11). It should be noted that |B| can be 1
in (L + 1) ways (by considering all (L + 1) γj’s to be zero
exactly once) and all cases would be taken into account. If the
solution is still not found, we keep on repeating the process
until |B| = L, and |A| = 1. Due to the strict concavity of
the objective function there will be a unique solution. This
completes the proof of the Theorem.

V. NUMERICAL RESULTS

We assume the values of L, N , and K to be 4, 20, and 5
respectively. The values of Ts, Δf , B1, B2, B3, and B4 have
been assigned to 4μ seconds, 0.3125 MHz, 1 MHz, 2 MHz, 5
MHz, and 10 MHz respectively. Noise variance (σ2) has been
taken to 10−6 and the channel gain hss

k,n, hsp
k,n, and hps

k,n have
been assumed to be Raylegih Fading with an average channel
power gain equal to 1. The values of I

(l)
th ∀ l = 1, 2, ..L, have

been assumed to be 2×10−6 W.
In Fig. 2, we plot the achievable normalized capacity for

the CR users versus total power budget for the proposed
scheme and the classical scheme. Here, by classical scheme
we mean the scheme described in [8]. It should be noted that
for the classical scheme in our simulations, we don’t cosider
the fairness constraint given in [8]. As, classical scheme does
not have the interference constraint, we observe in Fig. 2 that
classical scheme is able to load more capacity in CR user
band as compared to proposed scheme. However from Fig. 3,
we can observe classical scheme is not able to maintain the
interference threshold, i.e. it will introduce more interference
to the PU band and hence, is not suitable for OFDM-based
CR systems. Our proposed scheme is able to load power
into multi-CR users giving increased capacity while always
keeping the interference introduced to the PU band below a
specified threshold.
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Fig. 2. Power Budget Ptotal vs. normalized capacity for the CR users.
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VI. CONCLUSION

In this paper, we considered the problem of subcarrier
and power allocation for multiuser OFDM-based CR systems.
We proposed a suboptimal subcarrier allocation algorithm
that allocates subcarriers to CR users in a manner such that
not only the capacity of CR users is increased but also the
interference introduced to the PU band is minimized. Further,
we proposed an optimal power allocation algorithm for a
given subcarrier allocation. The proposed algorithm maximizes
the capacity of CR users while simultaneously maintaining
the interference and power constraints. Presented simulation
results show that the proposed scheme load increased capacity
into CR users while always maintaining the interference and
power constraints.
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