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Abstract tion Il, we introduce the system model and present the

. i - formula for calculating the outage probability in terms of
Previous available results for the probability of outage 5 req) integral involving the characteristic function. Tihe

with multiple Nakagami interferers with non-integer fad-  {he naw in the process of transforming the real integral to
ing parameters have been derived using the characteristic e corresponding contour integral in [1] is described in
function approach. This was done by converting an im-  gection J11. In Section IV, the modifed approach to eval-

proper real integral, whose integrand has a singularity at
the origin, to a contour integral, which was then evalu-

uate the outage probability for the special case of Nak-
agami interferers with similar fading parameters is pre-

ated using the method of residues. However, the method ¢aonted. Conclusions are available in Section V.

is mathematically valid only when the real integral ex-
ists. In this paper, we show that the existence of the real

integral has not been established and the earlier approach

is therefore incorrect. For the special case of multiple
Nakagami interferers with similar non-integer fading pa-
rameters, using a slightly different but rigorous approach
we £nd an exact expression for the probability of outage.

1. Introduction

A characteristic function approach has been suggested by

Zhang in [1] to compute the outage probability in a cel-
lular network with multiple Nakagami interferers having
arbitrary fading parameters. This method involves the
transformation of a real improper integral to a complex
integral. The complex integral is then evaluated using the
residue theorem, which gives the Cauchy principal value
(c.p.v) of the real integral [2]. When the integral exists,
its value is equal to the c.p.v [3]. However, the integrand
in [1] has a singularity at the origin, which means that
the existence of the integral has to be proved before the
contour integral approach can be used.

In this paper, we show how the c.p.v of the integral
has been used to compute the probability of outage in
[1], without proving the existence of the integral. Then,
for the case of multiple Nakagami interferers with similar
non-integer fading parameters, we propose a slightly dif-

2. system model

We follow the notation in [1], withry(¢) being the am-
plitude of the desired signal received at the mobile unit
andrg(t), k =1,...,L are the amplitudes of the
co-channel Nakagami interferers. The probability den-
sity function (PDF) of¢, = r3(t) follows the Gamma
distribution and is given by

mp—1

)mk % exp(—)\ky)7

fa(y) = )™ & -

y>0, (1)

k=0,---, L wherem, is the fading parameter with val-
ues ranging fromj0.5, co) andmy is a positive integer.
Also,

my

=

where;, > 0 is the average power of,(¢). The mean
and variance of;, are
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El&k] = Q,
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In the above scenario, outage occurs in the event of
quzl & > &9, Wheregq is the prescribed power pro-

ferent approach, where we express the integral as the sum tection ratio. We de£ne the random variable

of two complex integrals choosing different contours for
integrating the two, establishing the convergence of the
integrals wherever necessary. Cauchy'’s integral formula
for analytic functions [2] is then used to evaluate these in-
tegrals to obtain an expression for the outage probability.
The rest of the paper is organized as follows. In Sec-

L
y=q)_ & — . 4)
k=1

Hence, the probability of outag®,,; = P(y > 0). The
characteristic function of the random variablés given
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Figure 1: The contouf'.
by [1]
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Then, using the Gil-Pelaez theorem [4],
_1o [T e®
Pout = 5 el dt. (6)
We defne -
I, = / %t(t) dt. )

3. Thecontour integra

Following the method outlined in [1], we consider the
closed path C in the complex plane in Fig. 1. &t and
C, be two semi-circular paths with radit andr respec-
tively. The contour integral
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c Crn % -r U
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/C T —¢”§Z)dz+ / —‘b”t(t) dt. ®)

Since the denominator oﬁ‘@ is at least two units
greater than the numerator, we obtain [3]

lim Mdz =0. 9)

R—o0 Cr z

Also, it has been shown in [1] that

lim / $(2),
r—0 C, z

(10)

= —JT.

From (3), (9) and (10), we get
e [

/_7 d%y dt+/ ¢7
e (11)

Sincemy is an integerg., (z) has multiple poles of order
mg atz = jAg, which lies in the upper half plane inside
the contourC. Hence, using the residue theorem [2],

/C%Z(Z) N (m [%Z(Z)} —iro 42

DeEnition: The Cauchy principal value (c.p.v) of a deE-

nite integral
B
|
A

whose integrand becomes inEnite at a point a in the in-
terval of integration, i.e.

2rj  dmo~!

0 — 1)' dzmo—1

(13)

lim |f(t)] = o0

t—a

(14)

isdefned as[2]

cpw /A " oyt = lim l /A o

The integral itself is deEned as

f@Mﬁ%/Bf@Mt

(15)

B
F(t)dt

a—n
(16)

where botte andny approach zero through positive values.
It may so happen that neither of the two limits in (16)
exist, i.e. that the integral itself has no meaning but the
c.p.v defned by (15) exists. This leads to the following
lemma [3].
Lemma 3.1:When a defnite integral has a singularity
in the interval of integration and the c.p.v exists, then, if
the integral exists, the c.p.v is equal to the value of the
integral.

Using the de£nition of the c.p.vin (15), from (11), we

obtain
o0 t —Tr
c.p.v/ QS’YT()dt = HO/ ¢7 dt +
—o0 R—o0

R

Here, we note that (17) has been used to evalliaia
[1], but the existence of the integral itself has not been
established. A special case when the integral actually
does not converge is given in the following example.

/ ft)dt = hm ft)dt + lirr})
n—

(17)

Example 1. Let L = 1,my = 1,m; = 1 and
ﬁ—é = ¢q. This choice of¢ may not be practical, but



since we are challenging the mathematical validity of the
approach in [1], we are justifed in using it. Then

1
)= ——+. 18
0
Hence,
I, %T(t)dt (29)
/°° dt
oot (14 45
0
e dt
- e — 2
[ s €0
after appropriate substitutions. Since
1 1 t
t(1+t2) t 1+t (21)
we obtain
 dt o t
= — - ——dt. 22
K [mt .Km1+ﬂﬁ (22)

From elementary calculus, it is obvious that neither of
the integrals on the right hand side of (22) converge, so
1., does not converge in this case. However, using (15), it
is easy to see that
cpv  I,=0, (23)
which can also be verifed using (17).
Thus, the actual relation betwed,,; and ¢, (¢) in
[1]is
+

Pyt = C.p.v I

2_
—_xcpv/
2m

which is different from (6) wher, does not exist, as in
Example 1.

¢7

NJM—\ N |

dt, (24)

4. Interfererswith similar fading
parameters

For the special case when, = m and\; = A, from
(5), we obtain

1

i—mrar e

P~(t) =

With an appropriate substitution of variables,

oo [T,
oo
e dt
= / — _ . (26)
o t(l _ JQ/\O )mL(l +Jt)m0
Since
= Z (27)
(1+]tmo_ —J 1+]t
substitutings = ‘IT, (26) becomes
o dt
L, = —
7 [m t(l _jo-t)mL
28
Now, let
*° dt
= _ 29
! /,m = jot) @9
and
> dt
Jo=17 - —. 30
g /m (1 —jot)™ (1 + jt)" (30)

4.1. Theintegral J,

The integrand in (30) has multiple polesjah the upper
half plane and no singularities on the real line. Further,
the degree of the denominator is more than a unit greater
than that of the numerator. Thus, it can be converted to a
contour integral [3]

g / dz
n T A= ey (1t gy

whereS is a semi-circle of inEnite radius. Applying the
residue theorem, we obtain

(1)

7 21y qn—1 1
In = (n — 1)ljn—1 dzn—1 [(1 _jgz)mL]z:J_ ) (32)
n = 1,...,mg. The above expression admits a closed
form
n—1 L
Jn = 2’/Tj g (nl )n,1 (33)

(n =111 + o)mbtn=17

where thefactorial function (vy), is defned as

H y+r—1),(Vo=1,7£0, (34

q being a positive integer.



4.2. Theintegral J

The integrand inJ has a singularity at the origin. Hence
we choose the contour C in Fig. 1, and since the degree
of the denominator of the integrand ihis more than a
unit greater than that of the numerator, we obtain from

(17)
. +/ dz
T _ .
J c 2(1 —joz)mk

J

c.p.v = (35)
Since the integrand id is analytic in the region enclosed
by the contourC', we have, from Cauchy’s integral for-
mula [2]

dz

SR
c 2(1 = joz)mk

(36)
Thus,

J

c.pv = jm. (37)

By a change of variables (fronto —t) in (29), we obtain

> dt
J= _/,00 t(1 4 jot)mL’

Adding (29) and (38)

> dt 1 1
/_oo 0 [(1 “JotE (L + jot)k ]‘39)

From (39), we have

[.%
o b

In the above, substitutingwun 0 = ot,

(38)

2J

2J

|:(1 +j0't)mL _ (1 _ jO't)mL

e )

[ sec? 0 sin(mLo)
20 = 2‘7/_% tanf secmL g 49, (41)
which gives us
J:j/2 sin(mlb) omi-1g g9 (42)
= sind

2

The singularity at = 0 in (29), which is renected at
6 = 0in (42), vanishes due to the express?é{iéifl”o#g) in
the integrand. Thus, the integral

/72r sin(mL#@)
0

mL—1 0
sin 6

cos do (43)

has an integrand that is continuous in the interval of inte-
gration and is non-singular at the origin. This is sufEcient

to conclude that the above integral exists [3]. Hence, the
integral J exists. We note that this happens because the
interferers have similar fading parameters. From Lemma
3.1 and (37),

J = j. (44)

From (6),(28), (33) and (44), after substituting tarwe
obtain the outage probability for multiple Nakagami in-
terferers with similar non-integer fading parameters

mo—1

o) (mL),
Po’u,t:].— Z n'(q 0)( )

. 45
(/\ + qAO)mL—Q—n ( )

5. Conclusions

The real improper integral obtained using [4] to evaluate
the outage probability in [1] was assumed to converge in
general. We have shown that this is not true by providing
a counter example, thus concluding that the approach in
[1] is not mathematically rigorous. We then provided an

alternative method for evaluating the outage probability
for the special case of Nakagami interferers having simi-
lar non-integer fading characteristics.
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